A hypothesis about a physical device is falsified as soon as an experiment collects data that is not compatible with it. Here we construct a general framework to study the quantum falsifiability problem, namely, the problem of deciding whether a given input-output probability distribution (i.e., the data) can be obtained from a given candidate quantum channel (i.e., the hypothesis) or not. Our approach is completely device-independent, as the piece of experimental evidence -the input-output probability distribution -is given without any assumption about the device that generated it. The main tool we develop is a complete, and thus optimal, characterisation of the set of input-output probability distributions that can be obtained from any given quantum channel in the absence of previously shared entanglement. Solutions in closed form are provided, in the general case, for the classes of unitary, trace-class, and dephasing channels. In the case of binary probability distributions we further provide closed-form solutions for any dihedrally-covariant qubit channel (including any Pauli and amplitude-damping channel) and any arbitrary-dimensional universally-covariant and commutativity-preserving channel (including any erasure, depolarizing, universal optimal cloning, and universal optimal transposition channel).
I. INTRODUCTION
"In so far as a scientific statement speaks about reality, it must be falsifiable; and in so far as it is not falsifiable, it does not speak about reality." As formalized by Karl Popper's philosophy of science, falsifiability lies at the very heart of physics. It is both a fundamental requirement, since any hypothesis must be falsifiable, and an inherent limitation, since any hypothesis can only be falsified -e.g. it cannot be verified.
The elementary building block of nature, as described by quantum theory, is the quantum channel, i.e. the most general transformation from an input quantum state to an output one. Therefore, any elementary hypothesis must be a statement about a quantum channel, and the corresponding experimental evidence must be an inputoutput conditional probability distribution. Then, the quantum falsifiability problem can be formally framed as the problem of deciding if the hypothesized quantum channel is compatible with -i.e. capable of generating -the given input-output conditional probability distribution. To avoid circular arguments, the problem must be answered in a device-independent way, avoiding any assumption about the setup.
This problem is theoretically straightforward in the classical domain, where there exists a one-to-one correspondence between devices and the correlations they are compatible with, upon perfectly distinguishable inputs. This is not the case in the quantum domain, where such a mapping fails due to the existence of state superpositions. Therefore, just as the seeming limitations of non-commuting observables gave rise to the Heisenberg uncertainty principle, the limitations of quantum falsifiability should be regarded as a fundamental feature of quantum theory.
Here, we address the quantum falsifiability problem. We do so by providing a framework for the full characterisation of the set of input-output conditional probability distributions that are compatible with any given quantum channel in the absence of previously-shared entanglement. We provide a general, closed-form solution for unitary, trace-class, and dephasing channels. We further specify our results in the case of binary inputoutput conditional probability distributions. For the qubit case, we provide a closed-form solution for any dihedrally-covariant qubit channel, from which the solutions for any Pauli and amplitude-damping channels immediately follow. For the arbitrary dimensional case, we provide a closed-form solution for any universallycovariant commutativity-preserving channel, from which the solutions for any erasure, depolarizing, universal optimal 1 → 2 cloning [1] , and universal optimal transposition [2] channels immediately follow.
We notice that the device-independent quantum falsifiability problem is closely related to the deviceindependent quantum tomography problem. While in the former a hypothesized channel is given and the set of compatible distributions is derived, in the latter an inputoutput conditional probability distribution is given and the task is to characterise the set of compatible channels. Device-independent tomography is by itself a very interesting but quite unexplored field. Examples of previous research in this direction include:
• Device-independent tests of entanglement [3, 4] , dimension [5] [6] [7] [8] or entropy [9] , which are able to bound the corresponding quantity. Such a bound is in general not tight: i.e. there exist input-output conditional probability distributions which are incompatible with some values of the entanglement, dimension, or entropy, even though such values cannot be ruled out by the framework (formally, this is a consequence of the fact that a witness is arbitrarily fixed ab initio);
• Self-testing [10] [11] [12] [13] [14] [15] , namely the unique characterisation of a quantum state (or measurement) up to local isometric transformations, which is limited to the bipartite case and requires the maximal violation of a Bell inequality;
• Self-calibration [16] [17] [18] [19] , which assumes the knowledge of a quantum channel up to some family of parameters, and consists of the estimation of such parameters, drawing upon the input-output conditional probability distribution;
• Algorithmic reconstruction of the Gram matrix [20, 21] , i.e. the matrix of Hilbert-Schmidt products of pairs of states (and pairs of effects), which assumes the informational completeness of states and effects and the uniqueness of the Gram matrix.
Let us provide a preview of some consequences of the general framework. Here we answer the question of whether a binary input-output conditional probability distribution p is compatible with the following quantum channels:
• any amplitude-damping channel A
1| is compatible with p if and only if
φ for some pure state φ is compatible with p if and only if
• the d-dimensional universal optimal 1 → 2 cloning [1] channel C d is compatible with p if and only if
• any d-dimensional universal transposition [2] channel T d is compatible with p if and only if
II. FORMALIZATION
We will make use of standard definitions in quantum information theory [22] . Formally, compatibility is introduced in terms of the sets S n m,l (X ) and E n m,l (X ) of ml × n conditional probability distributions which are compatible with any given channel X : L(H) → L(K), in the absence (presence) of previously shared entanglement, given by
where ρ i ∈ L(H) are states and π j|k ∈ L(K) are POVMs, and by
is entanglement-unassisted (assisted) compatible with conditional probability distribution p if and only if p ∈ S n m,l (X ) (p ∈ E n m,l (X ), respectively). This situation is depicted in Fig. 1 . Notice that the sets S n m,l (X ) and E n m,l (X ) are convex (the former is convex by definition, the latter is convex due to the presence of entanglement between encoder and decoder). Therefore, the hyperplane separation theorem [23, 24] states that p / ∈ S n m,l (X ) (p / ∈ E n m,l (X )) if and only if there exists an ml × n real matrix w such that
where p T · w := i,j,k p j|i,k w i,j,k , and and analogously for W E (X , w). We call w a channel witness and W S (X , w) [resp. W E (X , w)] its entanglement unassisted (resp., assisted) threshold value for hypothesized channel X .
Although Eq. (1) generally allows one to detect some conditional probability distributions p not belonging to S n m,l (X ) [E n m,l (X )] for any arbitrarily fixed witness w, here our aim is to detect any such p. Direct application of Eq. (1) is impractical, as one would need to consider all of the infinitely many witnesses w. Notice however that Eq. (1) can be rewritten through negation by stating that p ∈ S n m,l (X ) [p ∈ E n m,l (X )] if and only if for any ml × n witness w one has
and analogously for W E (X , w). We can now introduce our general framework.
is entanglement-unassisted (assisted) compatible with conditional probability distribution p if and only if
and analogously for W E (X , w).
As shown later, this maximin optimization problem is NP-hard in general. In order to find closed-form solutions, we will restrict ourselves to entanglementunassisted compatibility when l = 1, i.e., there is no input to the decoder. Therefore, we will drop the index k and the subscript S in the following. (2) is trivial, since the input labels i ∈ [1, m] can all be encoded on orthogonal states, so that any m×n conditional probability distribution q can in fact be obtained. However, if d < m, the evaluation of the witness threshold W (U d , w) for any witness w is far from obvious. The solution immediately follows from a recent, remarkable result by Frenkel and Weiner [25] . It turns out that W (U d , w) is attained on extremal conditional probability distributions q compatible with the exchange of a classical d-level system, namely, those q with at most d non-null columns and whose entries are all either 0 or 1. Frenkel and Weiner's result hence guarantees that the threshold W (U d , w) can be provided in closed form, since, for any m and n, the number of such extremal classical conditional probabilities is finite, i.e., the set S 
Let us start by considering an arbitrary
At the opposite end of the unitary channels, there sit trace-class channels T : ρ → σ for some arbitrary but fixed state σ. In this case, no information about i (the input label) can be communicated. Of course, the set S n m (T ) of correlations achievable through any trace-class channel T does not depend on the particular choice of σ: a trace-class channel simply means that no communication is available. For any trace-class channel T and any witness w, it immediately follows that the threshold W (T , w) is achieved by conditional probabilities with exactly one non-null column, and therefore is given by W (T , w) = max j i w i,j . As a consequence, the set S n m (T ) is a polytope with n vertices, and any probability p lying outside S n m (T ) can be detected by testing the violation of Eq. (3) for a finite number of witnesses w.
In the remainder of this work we will consider the case where p is a binary input-output conditional probability distributions (i.e. m = n = 2). We will solve the maximin optimization problem in Theorem 1 for any qubit dihedrally-covariant channel in Section II B, with the Pauli and amplitude-damping channels as examples, and for any arbitrary-dimensional universally-covariant and commutativity-preserving channel in Section II C, with the erasure, depolarizing, universal optimal cloning, and universal optimal transposition channels as examples. Finally, in Section II D we will provide a natural geometrical interpretation of our results.
A. Binary conditional probability distribution First, we show that it suffices to consider diagonal or anti-diagonal witnesses with positive entries summing up to one. Indeed, for any witness w, the witness w ′ := α(w + β), where α ≥ 0 and β is such that β i,j is independent of j, leaves the quantity p T · w − W (X , w) in Eq. (3) invariant for any conditional probability distribution p and channel X , since w ′ ·p = α(p T ·w + i β i,1 ). By taking β i,j = − min k w i,k for any i and j, the witness w ′ is diagonal, anti-diagonal, or has a single non-null column. We first consider the latter case. Clearly, the maximum in Eq. (2) is attained when p is a vertex of the polytope S 2 2 (T ) of probabilities compatible with any trace-type channel T , and therefore Eq. (3) is always verified. Then we consider the case of diagonal and antidiagonal witnesses. By taking α −1 = i |w i,1 − w i,2 | one recovers the normalization condition i,j w i,j = 1, thus proving the statement. Therefore, upon denoting with w ± (ω) the diagonal and anti-diagonal witnesses given by
where ω ∈ [−1, 1], one has the following preliminary result.
Lemma 1.
The maximum in Eq. 3 is attained for a diagonal or anti-diagonal witness, namely
Any extremal distribution q in Eq. (2) can be represented by states ρ 0 and ρ 1 and a POVM {π 0 , π 1 } such that q j|i = Tr[X (ρ i )π j ]. Since w ± (ω) is diagonal or antidiagonal, Eq. (2) represents the maximum probability of success in the discrimination of states {ρ 0 , ρ 1 } with prior probabilities given by the non-null entries of w, in the presence of noise X , namely
{π0,π1}
It is a well-known fact [26] that the solution of the optimization problem over POVMs is given as a function of the Helstrom matrix defined as
as follows
where ||·|| 1 denotes the operator 1-norm.
It is easy to see that without loss of generality one can take ρ 0 and ρ 1 such that [ρ 0 , ρ 1 ] = 0. Indeed, let {|k } be a basis of eigenvectors of the Helstrom matrix H ω (ρ 0 , ρ 1 ). The complete dephasing channel F 0 d on the basis {|k } is such that
where σ i := F 0 d (ρ i ) and therefore [σ 0 , σ 1 ] = 0. By applying channel X we have the following identity
Therefore, the encoding {σ i } performs as well as the encoding {ρ i }, and thus without loss of generality we can take the supremum in Eq. (4) over commuting encodings only.
Moreover, one can see that without loss of generality one can take σ i to be orthogonal pure states. Indeed, let σ i = k µ k|i |k k| be a spectral decomposition of σ i . Due to the convexity of the trace norm we have
Then we have the following preliminary result.
Lemma 2. The maximum in Eq. (2) is given by an orthonormal pure encoding, namely
Here, for any pure state |φ we denote with φ := |φ φ| the corresponding projector.
B. Arbitrary channel of a qubit
Let us start with the case where X : L(H) → L(K) is a qubit channel, i.e. dim H = dim K = 2. Since Pauli matrices span the space of qubit Hermitian operators, any qubit state ρ can be parametrized in terms of Pauli matrices, i.e.
where σ = (σ x , σ y , σ z ) T and x are the vectors of Pauli matrices and their real coefficients, respectively. Analogously, any qubit channel X can be parametrized in terms of Pauli matrices, i.e.
where
whose eigenvalues are
. Thus, the witness threshold W (X , w ± (ω)) in Eq. (2) can be readily computed by means of Lemma 2 as
Notice that this expression is the maximum between two strategies. The first one is given by the trivial POVM and thus corresponds to trivial guessing. The second one can be further simplified by means of the following substitutions. Let A = V DU be a polar decomposition of matrix A with U and V unitaries and D diagonal and positive-semidefinite with eigenvalues d (accordingly c := −V † b). By unitary invariance of the 2-norm one has
By defining y := D x one has
where (·) −1 denotes the Moore-Penrose pseudoinverse.
By explicit computation it follows that [D 
where ∆(ω) := max
The maximum in Eq. (6) is a quadratically constrained quadratic optimization problem, which is known to be NP-hard in general. However, ∆(ω) has a simple geometrical interpretation: it is the maximum Euclidean distance of vector ω c and ellipsoid D −1 y 2 ≤ 1. This interpretation suggests symmetries under which the optimization problem becomes feasible. In particular, we take vector c to be parallel to one of the axis of the ellipsoid D −1 y 2 ≤ 1, namely c 1 = c 2 = 0 (up to irrelevant permutations of the computational basis). This configuration corresponds to a D 2 -covariant channel X , where D 2 is the dihedral group of the symmetries of a line segment, consisting of two reflections and a π-rotation. This configuration is depicted in Fig. 2 . In particular, a qubit channel X is D 2 -covariant if and only if there exist unitary representations U k ∈ R 3×3 and V k ∈ R 3×3 of D 2 such that
Up to unitaries, the most general unitary representation of D 2 in R 3×3 is given by
where W 1 and W 2 are reflections and W 3 is a π-rotation. We take
Then by explicit computation we have
where we used the fact that [D, W k ] = 0 for any k. Therefore, D 2 covariance expressed by Eq. (7) is equivalent to the requirement W k c = c, namely c 1 = c 2 = 0.
Under the assumption of D 2 -covariance, we take without loss of generality d 2 ≥ d 1 and c 3 ≥ 0. If also c 3 = 0, we further take without loss of generality d 3 ≥ d 2 . Then, as formally proved in the Appendix, the maximum Euclidean distance ∆(ω) in Eq. (6) can be explicitly computed, leading to the following result.
Lemma 3. The witness threshold W (X , w ± (ω)) of any qubit D 2 -covariant channel X is given by Eq. (5) where
Using Lemma 3 and Theorem 1, Eq. (3) becomes the maximum over ω of the minimum of two functions. The maximum is attained either in the maxima 0, ±ω 1 , or ±1 of the two functions over the domain [−1, 1], where
(the limit should be considered if c 3 = 0), or in their intersection ±ω 2 given by
We can then state our first main result, formally proved in the Appendix, namely a complete and closed-form characterisation of the set S 2 2 (X ) of conditional probability distributions compatible with any qubit D 2 -covariant channel X . Theorem 2. Any given binary conditional probability distribution p is compatible with any given qubit D 2 -covariant channel X if and only if
As applications of Theorem 2, let us explicitly characterise the sets of binary conditional probability distributions compatible with two relevant examples of qubit D 2 -covariant channels: the Pauli and amplitude-damping channels.
Any Pauli channel can be written as
k , where σ = (σ x , σ y , σ z ) are the Pauli matrices. As shown in the Appendix, one has that c 3 = 0 and d 3 = max k∈ [1, 3] |2(λ 0 + λ k ) − 1| ≥ d 2 , thus ω 1 = ∞ and ω 2 = d 3 and the maximum in Eq. (8) is attained for ω = ±ω 2 . Thus, upon applying Theorem 2, one has the following result. Corollary 1. Any given binary conditional probability distribution p is compatible with the Pauli channel P λ if and only if
Any amplitude-damping channel can be written as
As shown in the Appendix, one has that c 3 = 1 − λ and
and thus the maximum in Eq. (8) is attained for ω = ±ω 1 or ω = ±1. Thus, upon applying Theorem 2, one has the following result, formally proved in the Appendix.
Corollary 2. Any given binary conditional probability distribution p is compatible with the amplitude-damping channel A λ if and only if
C. Arbitrary-dimensional universally-covariant channels
Let us now move to the arbitrary dimensional case. We trade generality regarding the dimension for generality regarding the symmetry of the channel, and assume universal covariance. A channel X : L(H) → L(K) is universally covariant if and only if there exist unitary representations U g ∈ L(H) and V g ∈ L(K) of the special unitary group SU (d) with d := dim H, such that for every state ρ ∈ L(H) one has
From universal covariance it immediately follows that any orthonormal pure encoding attains the witness threshold W (X , w ± (ω)) in Eq. (4). Indeed, for any orthonormal pure states {φ i } let U be the unitary such that φ i = U |i i| U † . Then one has
where the second equality follows from Eq. (9), and the third from the invariance of trace distance under unitary transformations. Then we have the following result.
Lemma 4. The witness threshold W (X , w ± (ω)) of any universally covariant channel X is given by
Equation (10) has a simple dependence on w in the case when channel X is commutativity preserving, i.e. [X (ρ 0 ), X (ρ 1 )] = 0 whenever [ρ 0 , ρ 1 ] = 0. Notice that it suffices to check commutativity preservation for pure states, indeed a channel X is commutativity preserving if and only if [X (φ 0 ), X (φ 1 )] = 0 whenever φ 1 |φ 0 = 0. Necessity is trivial, and sufficiency follows by assuming [ρ 0 , ρ 1 ] = 0, and considering a simultaneous spectral decompositions of ρ 0 = k µ k φ k and ρ 1 := j ν j φ j . Then one has
where the last inequality follows from the fact that φ l |φ k = δ k,l . For a universally covariant channel X , it immediately follows from Eq. (9) that it suffices to check commutativity preservation for an arbitrary pair of orthogonal pure states.
In this case X (|0 0|) and X (|1 1|) admit a common basis of eigenvectors {|k }, and thus a spectral decomposition of the Helstrom matrix X (H ω (|0 0| , |1 1|)) is given by
where α k and β k are the half-sum and half-difference of the k-th eigenvectors of X (|0 0|) and X (|1 1|), respectively. Therefore Eq. (10) becomes
Then, the optimization problem in Eq. (3) becomes piece-wise linear, thus the maximum is attained on the intersections of the piece-wise components given by γ k := β k /α k when such values belongs to the domain [−1, 1], or on its extrema. We can then provide our second main result, namely a complete closed-form characterisation of the set S 2 2 (X ) of conditional probability distributions compatible with any arbitrary-dimensional universallycovariant commutativity-preserving channel X . Theorem 3. Any given binary conditional probability distribution p is compatible with any given arbitrarydimensional universally-covariant and commutativitypreserving channel X if and only if
As applications of Theorem 3, let us explicitly compute the binary conditional probability distributions compatible with any erasure, depolarizing, universal optimal cloning, and universal optimal transposition channels. As discussed before, commutativity preservation can be immediately verified for all of these channels by checking that [X (|0 0|), X (|1 1|)] = 0.
Any erasure channel can be written as E 
The universal 1 → 2 cloning channel can be written as C λ d : ρ → 2 d+1 P S (ρ ⊗ 1 1)P S . By explicit computation one has
= 0, thus the universal 1 → 2 cloning C d is a commutativity preserving channel.
One can com-
and
, thus upon applying Theorem 3 one has the following Corollary.
Corollary 5. Any given binary conditional probability distribution p is compatible with the universal 1 → 2 cloning channel C d if and only if
The universal transposition channel can be written as
Corollary 6. Any given binary conditional probability distribution p is compatible with the universal transposition channel T d if and only if
The results of Corollaries 1, 2, 3, 4, 5, and 6 are summarized in Table I .
D. Cartesian representation
In this Section we provide a geometrical interpretation of our results. Binary conditional probability distributions are represented by 2 × 2 real matrices, so they can Table I . Complete closed-form characterisation of the set S 2 2 (X ) of binary conditional probability distributions compatible with channel X , for X given by the Pauli channel P λ , the amplitude damping channel A λ , the erasure channel E be regarded as vectors in R 4 . However, due to the normalization constraint j p j|i = 1 for any i, they all lie in a bidimensional affine subspace. A natural Cartesian parametrization of such a subspace is given by
and binary conditional probability distributions form the square |x + y| ≤ 1, whose 4 vertices are the rightstochastic matrices with all entries equal to 0 or 1.
As it is clear from Eq. (11):
• a permutation of the states {ρ 0 , ρ 1 } corresponds to the transformation (x, y) → (x, −y);
• a permutation of the effects {π 0 , π 1 } corresponds to the transformation (x, y) → (−x, −y);
• a permutation of the states {ρ 0 , ρ 1 } and effects {π 0 , π 1 } corresponds to the transformation (x, y) → (−x, y).
Therefore, for any channel X , the set S 2 2 (X ) of binary conditional probability distributions compatible with X is symmetric for reflections around the x or y axes (i.e., it is D 2 -covariant).
As a consequence of our previous results, the sets S With the parametrization in Eq. (11), the sets of binary conditional probability distributions compatible with any Pauli, amplitude-damping, erasure, depolarizing, universal optimal cloning, and universal optimal transposition channels as given by Corollaries 1, 2, 3, 4, 5, and 6 respectively, are given in Table II and depicted in Fig. 3 . Table II . Cartesian parametrization of the set S 2 2 (X ) of binary conditional probability distributions compatible with channel X , for X given by the Pauli channel P λ , the amplitude damping channel A λ , the erasure channel E 
III. CONCLUSIONS
In this work we addressed the fundamental problem of falsifying hypotheses within quantum theory, i.e. checking whether a hypothesis is compatible with a piece of experimental evidence. To avoid circular arguments, the problem is addressed in a fully device-independent way, namely without any assumptions about the experimental setup that generated the experimental evidence. Since the building block of nature, as described by quantum theory, is represented by a quantum channel, any elementary hypothesis must be about a quantum channel, and the experimental evidence must be an input-output conditional probability distribution. The quantum falsifiability problem is then formalized as the full characterisation of the set of input-output conditional probability distributions compatible with any given channel.
For the entanglement-unassisted case and in the absence of classical inputs to the decoder, we solved the problem for any unitary, trace-class, and dephasing channels. We then specialized our results to the case where both the input and output alphabets are binary, and obtained a complete closed form solution for the set of probabilities compatible with any dihedrally covariant qubit channel and any arbitrary-dimensional universallycovariant and commutativity-preserving channel. In the qubit case, results for the amplitude-damping and Pauli channels immediately follow, and in the arbitrarydimensional case, results for the erasure, depolarizing, optimal 1 → 2 cloning, and transposition channels immediately follow. As Fig. 1 clearly shows, the quantum falsifiability problem -formally, the maximin optimization problem in Theorem 1 -can also be addressed in the entanglementassisted case. In this case, the circuit (b) in Fig. 1 is similar to that of superdense coding [27] and quantum channel discrimination [28] , except for the presence of the hypothesized channel X in place of the identity channel between the two communicating parties.
Additionally, as shown by Fig. 1 , one can consider the case of different POVMs π j|k , giving rise to a richer conditional probability distribution p j|i,k . This corresponds to a generalization of quantum random access codes [29] to the case of an arbitrary communication channel X . Previous results in dimension witnessing [5] show that channels which are indistinguishable by a single POVM, such as any unitary channel U d and any dephasing channel F λ d , are instead distinguishable by means of different POVMs.
Of course, in any practical implementation where only a finite statistics can be collected, a statistical analysis of the corresponding errors would be due, for example by exploiting the techniques in Ref. [30] . Due to its deviceindependence, our framework can be easily implemented in the laboratory: for example, experimental techniques used for dimension witnessing, as discussed in Refs. [6, 7] , can be readily extended to the quantum falsifiability problem.
